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Through an interaction of theory and optimization-guided design, we have developed a novel bunch
compression scheme based on an asymmetric double emittance exchange (DEEX) with greatly re-
duced coherent synchrotron radiation (CSR) effects. First, we discuss the benefits of the phase
space exchange-based bunch compressor (BC) in comparison to the chicane-based counterpart in
the approximation of linear single particle dynamics and with respect to microbunching instabilities
driven by longitudinal space charge forces. We present simulation results for nonlinear dynam-
ics in a symmetric DEEX BC which accounts for the CSR effects of the scheme with direct and
mirrored longitudinal phase space at the exit of the beamline. The later scheme demonstrates self-
compensation of CSR effects on the longitudinal dynamics. Next, we optimize the parameters of the
beam elements with an adaptive feedback, resulting in an asymmetric configuration of the scheme
with compensated CSR and nonlinear effects on the transverse dynamics, which we further improve
by incorporating several sextupoles relying on an eigen-emittance analysis. Finally, we discuss how
this method can be generalized for optimizing nonlinear beam dynamics with collective effects.
PACS numbers: 41.85.Lc, 02.30.Yy, 29.20.-c, 02.60.-x
I. INTRODUCTION
Extremely bright and short wavelength fourth genera-
tion free electron lasers (FELs), including the Linac Co-
herent Light Source (LCLS) [1], LCLS-II [2], FLASH [3],
SACLA [4], FERMI [5], and the recently completed Eu-
ropean X-ray FEL [6] and SwissFEL [7, 8] allow scien-
tists to probe matter at unprecedented time and length
scales. The next generation of hard X-ray FELs (XFELs)
has the goal of achieving even shorter wavelengths
and higher brightness than existing FELs. Achieving
shorter wavelengths faces increasingly greater challenges
in terms of emittance limitations. For example, the
XFEL planned for the Matter-Radiation Interactions in
Extremes (MaRIE) facility at Los Alamos National Lab-
oratory (LANL) has considered a goal of achieving 0.01
nm wavelength X-ray pulses. The wavelength of the light
produced by an FEL is approximately
λx−ray ≈ λu
2γ2
(
1 +
K2
2
)
, (1)
where K ≈ 0.934·B0[T]·λu[cm] is the undulator param-
eter, B0 is the undulator magnetic field amplitude, γ is
the Lorentz factor, and λu is the period of the undula-
tor. According to Eq. (1), an electron beam at 12 GeV,
K ∼ 1, and an undulator period of 1 cm would pro-
vide λx−ray ∼ 0.01 nm X-rays. However, for a given
wavelength there is also a constraint on the normalized
transverse emittance, which is required for proper lasing:
nx,ny ≤ βγ
λx−ray
4pi
. (2)
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Existing photo-injectors are capable of producing elec-
tron beams with transverse emittances that satisfy the re-
quirement in Eq. (2). However, beam quality is strongly
affected by space charge forces limiting the bunch charge
to ∼ 100 pC for the required small transverse normal-
ized emittance. Such a low bunch charge requires an
extremely short bunch length in order to achieve high
peak current when the beam enters the undulator. How-
ever, longitudinal space charge forces at the injector and
in the low energy stages of the acceleration require long
bunches with as small as possible transverse emittances
and energy-spread on the photo-cathode. Therefore, one
or several bunch compressors must be used to shorten the
beam and increase peak current once the beam becomes
highly relativistic. Increasing the beam current typically
comes at the price of increasing energy spread. The con-
straint on beam energy spread at the undulator which
must be also satisfied for proper FEL lasing is
σγ ≤ 0.5 ρFEL, (3)
where ρFEL =
λu
4
√
3piLg
is the FEL parameter (Pierce pa-
rameter) and Lg is the effective gain length as defined
in 1D FEL theory [9, 10]. Because XFELs require ultra
high current to reach high brightness, electron bunches
must be compressed in length by several orders of mag-
nitude by utilizing bunch compressors, while keeping the
transverse emittances and energy spread as small as pos-
sible.
The main idea behind a standard chicane-based bunch
compressor, of translating energy offset along the bunch
(imposed upstream of the chicane, typically via off-crest
acceleration) into path length difference, is simple. In
practice, the actual design and implementation is ex-
tremely challenging when transverse and longitudinal
emittances are to by maintained, due to collective effects
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2such as coherent synchrotron radiation (CSR) and mi-
crobunch instabilities driven predominantly by the lon-
gitudinal space charge (LSC) forces. In this work, we
present the design and optimization of an asymmetric
bunch compressor based on the double emittance ex-
change (DEEX). Such a design has the advantage that it
does not require typical chicane-type optics and does not
require initial/residual energy-phase adjustments, e.g.
imposing/removing the energy chirp along the bunch ac-
companying the chicane. Thus, the beam is expected
to experience much smaller LSC-induced microbunching
instabilities, since the chicane, the actual “amplifier” of
the density modulation noise unavoidably present in any
electron beam, is eliminated.
In our design, CSR effects are expected to cause degra-
dation of beam quality and their minimization is an im-
portant problem being solved in this paper. The CSR
and nonlinear effects imposed during the first phase space
exchange are partially compensated in the second phase
space exchange if the parameters of the beam elements
are properly tuned. We utilized a novel adaptive feedback
technique known in the control community as extremum
seeking (ES) [11–14], which has been applied for the non-
destructive prediction of the longitudinal phase space of
electron beams in the FACET plasma wakefield acceler-
ator [15] and has been applied in-hardware to automati-
cally tune the longitudinal phase space of the LCLS elec-
tron bunch [16]. In this work, we applied ES in simulation
studies in order to minimize the impact of the nonlinear
and CSR effects on the emittance deterioration while op-
timizing the design. By allowing the ES optimizer com-
plete freedom in parameter choice within physical con-
straints, while preserving the exact double emittance ex-
change in the approximation of the linear single-particle
dynamics, an asymmetric design with greatly reduced co-
herent synchrotron radiation effects was found. A general
overview of the ES algorithm is given in Appendix A.
II. BUNCH COMPRESSORS
There are several types of bunch compressors (BC),
as shown in Fig.1, which are capable of compressing
beams and increasing beam current, while increasing en-
ergy spread [17]. Here, we divide BCs into two categories:
chicane-based BCs and EEX-based BCs.
A. Chicane-based BC
The key element of a conventional bunch compres-
sor (Fig. 1 (a-c)) is a magnetic chicane with four bend-
ing magnets (or C-chicane) with a nonzero R56 element.
The matrix elements of a chicane in terms of an elec-
tron’s 6D phase space coordinates ξ = (x, x′, y, y′, z =
s−ct, z′ = δγ/γ0) are expressed in terms of its structural
components in Appendix B. The transverse (x, x′) and
longitudinal (z, z′) beam dynamics are coupled within
the elements of a chicane resulting in the following trans-
fer matrix in 4-dimensional (x, x′, z, z′) phase space:
Rchicane =
1 Lx 0 00 1 0 00 0 1 R56
0 0 0 1
 , (4)
where R56 > 0, while transverse motion in the (y, y
′)
phase space is uncoupled. According to Eq. (4), the chi-
cane acts on the longitudinal coordinate of a particle as:
zf = zi +R56 · z′i. (5)
Therefore particles having a smaller energy than the ref-
erence particle (ξr = 0) will travel over a longer path
when passing through the chicane and vise versa. For
an ensemble of particles, according to the 6-dimensional
Σ−matrix: Σf = 〈ξf · ξTf 〉 = 〈R · ξi · (R · ξi)T 〉 = R ·
〈ξi · ξTi 〉 ·RT = R ·Σi ·RT , one can determine the evolu-
tion of the root-mean-square (rms) bunch length as:
σ2zf = σ
2
zi +R
2
56σ
2
z′i
+ 2R56〈zz′〉i, (6)
where the conventional notations σzi =
√
〈z2〉 and σz′i =√
〈z′2〉 are used. Since R56 > 0, equation (6) suggests
that if a bunch has a sufficiently negative correlated en-
ergy spread σz′u = 〈zz′〉i/σzi < 0, it will be compressed in
the chicane. Therefore, compression strongly depends on
the applied chirp 〈zz′〉i/σ2zi prior to the chicane. In terms
of the longitudinal emittance, z =
√
σ2zσ
2
z′ − 〈zz′〉2, the
bunch length on the exit of the chicane becomes:
σ2zf = σ
2
zi +R
2
56
2z
σ2zi
+R256
〈zz′〉2i
σ2zi
+ 2R56〈zz′〉i. (7)
Analyzing the right-hand side of equation (7), one can
find that a minimal bunch length is achieved when
〈zz′〉i = −σ2zi/R56 (8)
and the longitudinal bunch size is equal to:
min
(
σ2zf
)
= R256
2z
σ2zi
= − R56〈zz′〉i
2z =
σ2zi
〈zz′〉2i
2z, (9)
under the assumption that the longitudinal emittance re-
mains invariant, which is valid in the approximation of
linear single particle dynamics. This results in an esti-
mate of the maximum compression ratio which can be
achieved in a single chicane:
mmax = max
(
σzi
σzf
)
=
|〈zz′〉i|
z
, (10)
and implies that one needs to maximize correlated en-
ergy spread to maximize compression. Equation (10) also
shows that it is easier to compress beams with smaller
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FIG. 1. Schemes of various bunch compressors: (a) Single and (b) double magnetic chicane surrounded by two off-crest
acceleration sections for imposing/removing correlated energy spread onto the beam (c) Double magnetic chicane with the
TDC-based chirper and dechirper working via transverse-longitudinal mixing (d) Two emittance exchangers separated by a
demagnifying transverse-optics systems compressing the beam in the longitudinal direction.
longitudinal emittances than beams with larger emit-
tances in chicane-based BCs.
The standard approach to impose and remove corre-
lated energy spread onto the beam is via accelerating
sections upstream and downstream of the chicane (Fig. 1
(a,b)). Particles experience a linearly-dependent accel-
eration gradient along the bunch, resulting in an energy
chirp. Radio frequency (RF) cavity-based acceleration
relies on synchronization of the electron beam’s arrival
and the phase of the electromagnetic wave at the moment
of interaction. Since the dependence along the bunch is
quadratic in the maximum of the RF field in the sinu-
soidal approximation (higher even orders are present),
imposing a linear energy correlation along the bunch re-
quires off-crest acceleration. One can find a scaling for
the R65 matrix element in the simple approximation of a
uniform electromagnetic field across the bunch and ideal
synchronization (the phase between the RF field and the
reference particle of the beam is constant), given by:
R65 = −eE0k sinφ0
γmec2
s, (11)
where E0 and k are respectively the amplitude and wave
vector of the RF field, s is the length of the accelera-
tor structure, me and e are the mass and charge of the
electron and γ is the averaged Lorentz factor of the elec-
tron beam. This suggests that to impose a large energy
chirp on the beam while still accelerating the beam, one
needs to maintain a phase of approximately pi/4. There-
fore, this method leads to a significantly reduced accel-
eration gradient and consequently a longer length of ac-
celerating sections is required to reach the same energy
as compared to on-crest acceleration (φ0 = 0). An alter-
native configuration (Fig. 1 (c)), recently proposed and
not yet practically implemented, relies on the transverse-
longitudinal mixing imposed in a series of transverse de-
flecting cavities (TDC) operating in TM110 mode and
separated by free space propagation sections [18, 19].
Interestingly, such a scheme has topological similarities
with a chicane. The chicane relies on the four bending
magnets combined into two oppositely oriented doglegs
providing with the transverse-longitudinal coupling of x
from z′ and z from x′ and resulting in the nonzero R56
at the end. The novel TDC-based scheme is based on
the transverse-longitudinal coupling of x′ from z and z′
from x imposed in the deflecting cavities, resulting in
the nonzero R65 element and the absence of the resid-
ual transverse-longitudinal correlations at the exit of the
scheme [19].
Regardless of the particular configuration, a beamline
imposing/removing energy correlations along a bunch
can be represented by the following general matrix in
4-dimensional (x, x′, z, z′) phase space:
Rchirp =
1 Lc 0 00 1 0 00 0 1 0
0 0 R65 1
 , (12)
where R65 < 0 for a “chirper” and R65 > 0 for a
“dechirper”. The chirper does not affect the longitudinal
beam size σz1 = σz0 , while the correlated energy spread
at its exit becomes:
〈zz′〉1 = R65 · σ2z0 , (13)
and the total energy spread is:
σ2z′1 = σ
2
z′0
+R265 · σ2z0 , (14)
4expressed in the terms of the beam parameters at the
entrance of the chirper. Using Eq. (7), the longitudinal
beam size after the chicane becomes:
σ2z2 = (1 +R56R65)
2σ2z0 +R
2
56σ
2
z′0
(15)
and the Σ−matrix element defining linear energy corre-
lations along the beam can be found as:
〈zz′〉2 = R65(1 +R56R65)σ2z0 +R56σ2z′0 , (16)
while the energy spread remains unchanged σz′2 = σz′1 .
Clearly, one needs to complete the scheme with an ad-
ditional beamline element in order to remove the corre-
lated energy spread 〈zz′〉2/σ2z2 after the chicane. Up to
now matrix elements R56 of the chicane and R65 of the
chirper could have been independent of the beam param-
eters unless ones aims to maximize the compression ratio
according to equation (8). However, due to the fact that
the longitudinal beam size is changing in the chicane (as
intended), a proper matrix element R′65 of the dechirper
added to compensate the previously imposed chirp is:
R′65 = −
〈zz′〉2
σ2z2
= −
R65(1 +R56R65)σ
2
z0 +R56σ
2
z′0
(1 +R56R65)2σ2z0 +R
2
56σ
2
z′0
,
(17)
and depends not only on the parameters of the chirper
R65 and the chicane R56, but also on the initial beam
length σz0 and energy spread σz′0 . Consequently, the final
matrix of the chicane-based bunch compressor is specific
for each set of longitudinal beam parameters through the
matrix elements R′′65 =
R56σ
2
z′0
(1+R56R65)2σ2z0
+R256σ
2
z′0
, and R′′66 =
(1+R56R65)σ
2
z0
(1+R56R65)2σ2z0
+R256σ
2
z′0
and can be found as:
RBC =
1 LBCx 0 00 1 0 00 0 1 +R56R65 R56
0 0 R′′65 R
′′
66
 , (18)
where the overall effective length in the transverse direc-
tion is LBCx = Lc + Lx + Ld [20].
LSC-driven microbunch instabilities. Chicane-
based schemes suffer from LSC-induced microbunch in-
stabilities. Saldin et al. [21] predicted that the noise
present in the density distribution along a bunch will be
amplified by LSC space charge forces in a chicane-based
BC, comparing this effect with a working principles of a
klystron amplifier. Saldin’s elegant model assumes that
the DC electron beam upstream of the bunch compressor
has a current modulation of the form
I1(z) = I0 (1 + ρi cos(kz)) , (19)
where k = ω/c, and ρi and ω are respectively the modula-
tion density, and frequency. As the bunch passes through
a long drift and/or accelerator section, the LSC forces
amplify noise resulting in strong energy modulations
along the beam ∆γm =
|Z(k)|
Z0
I0
IA
ρi, where IA = 17 kA is
the Alfven current, Z0 = 377 Ω is the vacuum impedance,
and Z(k) is the longitudinal impedance characterizing
the action of longitudinal wakefields. Due to the nonzero
R56 matrix element in the chicane, these energy modu-
lations result in modulations of the current at the exit
of the chicane, which after linearization can be found as
(from [21]):
I2(z) = CI0 (1 + ρind cos(Ckz)) , (20)
where ρind = CkR56
∆γm
γ0
exp
(
−C
2k2R256σ
2
z′1
2
)
is the in-
duced density modulation in the chicane, C = (1 +
hR56)
−1 is the compression factor, and h is the linear
energy chirp in the approximation of a continuous beam
in the longitudinal direction. If σ2z′1
 ∆γm/γ0 analysis
of the second term on the right-hand side of equation (20)
shows that the harmonic component becomes negligible.
Otherwise, the chicane can significantly amplify initial
density and energy modulations along the bunch at the
exit of the BC, which can eventually lead to the possible
loss of FEL performance [22–24].
There are several methods to suppress microbunching
instabilities in chicane-based bunch compressors based
on increasing the uncorrelated energy spread within the
FEL tolerance described in Eq. (3) [23–27]. For example,
at the LCLS it was initially proposed that the local en-
ergy spread could be enlarged with quantum fluctuations
originated by induced incoherent synchrotron radiation
(ISR) in a superconducting wiggler placed directly be-
fore the second BC at 4.54 GeV beam energy [23]. This
method effectively works at high beam energies where
ISR can be significant. However, this does not suppress
the energy modulations at the high-frequency imposed
upstream [24]. An alternative solution, relying on a laser
heater and thus effectively working at low beam ener-
gies, (∼ 100 − 200 MeV) was initially proposed for the
TESLA Test Facility linac at DESY [25, 26] and was later
designed [24] and implemented [27] for the LCLS linac.
In the original approach [26], a laser light induces rapid
FEL-type energy modulations at the optical frequency
in an undulator, which wash out the short wave mod-
ulations in the chicane of the downstream bunch com-
pressor effectively “heating” the beam. In the modified
design [24] the undulator is placed in the middle of an
additional small chicane in order to simplify optical ac-
cess and initiate an additional temporal smearing effect
of the energy modulations imposed by the laser. Using
a SC wiggler or a laser heater in various modifications
result in effective suppression of the growing harmonic
current proportional to ∆γm for the large uncorrelated
energy spread of the beam σz′1 , as calculated by the ex-
ponent in Eq. (20). Although these methods practically
make the beam “immune” to LSC-induced microbunch-
ing instabilities, they come at the price of an enlarged
energy spread which can be critical for the advanced FEL
techniques such as seeding, etc. [28].
5Alternative approaches aimed at mitigating this issue
rely on transverse to longitudinal mixing of the beam mo-
tion [28–31]. Initial estimates of the emittance-initiated
smearing of the microbunch instabilities using the 2-
dimensional Vlasov solver [32] were reported in [29]. An
interesting approach relying on transverse to longitudi-
nal coupling in the magnetic chicane was proposed in [30].
In [30], the chicane of the second bunch compressor was
modified from compressing the beam (the correlated en-
ergy spread at the entrance was removed) to suppressing
the energy modulations along the bunch imposed in the
first BC via rotation of the longitudinal phase space. Fur-
thermore, reversible beam heating relying on transverse-
longitudinal coupling in two TDCs is an elegant solu-
tion capable of eliminating the laser heating from the
scheme [28]. Beam energy spread is increased in the first
TDC downstream of the chicane by imposed correlations
between the transverse vertical (y, y′) and longitudinal
(z, z′) motions, while the beam dynamics through the
elements of the chicane are coupled in 4D phase space
(x, x′, z, z′). Following the chicane, the uncorrelated
energy spread is returned close to its initial value in the
second TDC by uncoupling the transverse and longitudi-
nal dynamics. The downside of the method is a degra-
dation of the vertical emittance in the tail and front of
the bunch caused by CSR effects in the chicane, which
also prevents the complete compensation of the energy
spread.
Finally, suppression of current modulation growth in
the chicane was proposed via longitudinal mixing tak-
ing advantage of the naturally present transverse beam
spreads σx and σx′ , which is possible with the respec-
tively nonzero R51 and R52 matrix elements of the two
bending magnets accompanying the chicane [31]. While
this method demonstrated promising performance in the
linear single particle dynamics approximation, its fea-
sibility for nonlinear dynamics accounting for CSR ef-
fects requires further investigation. Indeed, the collec-
tive effects can result in the large degradation of the
emittances and consequently “destroy” the compensation
mechanism removing the correlations in the final bending
magnet.
Adding extra elements to a chicane to initiate
transverse-longitudinal coupling in order to suppress
LCS-induced microbunching instabilities intuitively sug-
gests a search for an alternative compression scheme. The
potential candidate is a bunch compressor based on a
double emittance exchange separated by a demagnifying
transverse-optics system [33].
B. EEX-based BC
The first emittance exchange (EEX) scheme was pro-
posed in 2002 [34]. It was realized as a chicane with an
inserted transverse deflecting cavity between its doglegs.
Although such a scheme highly couples transverse and
longitudinal phase spaces, the exchange between the cor-
responding emittances is not exact and only works if the
following condition is satisfied:
4
〈
x′2
〉 〈
z′2
〉
η2  2x,z. (21)
The exact, to first order, EEX is realized as two doglegs
oriented in the same direction separated by a transverse
deflecting cavity (Fig. 1 (d)) [35]. The working principles
of the exact EEX scheme can be explained by analyzing
the transfer matrices of its structural components (Ap-
pendix B). Briefly, the transverse coordinate x is affected
by the energy spread z′ proportionally to dogleg disper-
sion η. The longitudinal coordinate z similarly depends
on the initial divergence x′. The upstream TDC provides
a back action: the initial coordinates z and x impact the
final momentums of the motions in the opposite degree
of freedom, respectively x′ and z′. A combination of
one dogleg and a TDC is not yet enough to cross-couple
transverse and longitudinal phase spaces and exchange
the emittances. Completing the scheme with another
dogleg (identical to the first and oriented in the same
direction) results in the overall transfer matrix deliver-
ing exact emittance exchange:
REEX =

0 0 −Lη η − Lψη
0 0 − 1η −ψη
−ψη η − Lψη 0 0
− 1η −Lη 0 0
 , (22)
where the condition on the geometric strength of the
TDC, κ = −1/η, has to be satisfied. The introduced
parameters are defined according to the relations:
L = (D +D cos 2θ + S1) sec
3 θ + S2, (23)
ψ = −2D θ csc θ + sec θ (2D + S1 tan2 θ) , (24)
η = − sec3 θ tan
(
θ
2
)
(S1 + S1 cos θ +D +D cos 2θ) ,
(25)
where D = r sin θ is the length of the bending magnet
along the z−axis in the laboratory frame and θ is the
bending angle, S1 and S2 are respectively separations
between two magnets and magnet – deflecting cavity.
The matrix elements in the main diagonal blocks com-
pletely vanished justifying that transverse and longitudi-
nal phase spaces at the exit of the scheme are completely
independent from their corresponding initial values, and
emittances are exchanged.
The idea to use a single EEX as a bunch compressor
was proposed by Carlsten et al. [36]. The main advantage
of this scheme is that the final longitudinal phase space
is decoupled from the initial longitudinal phase space
and does not require any initial and residual energy-
phase compensation as a chicane-based scheme. Con-
sequently, such a scheme should be much less affected
by LSC-induced microbunching instabilities. This com-
pressor configuration requires all initial emittances to be
6of the same order (nx ∼ ny ∼ nz ) because an emit-
tance exchanger only swaps the projections of eigen emit-
tances between the transverse and longitudinal phase
spaces [37, 38]. Since transverse emittances from photo-
cathode injectors are typically of the same order and sig-
nificantly different than the longitudinal emittance, the
idea of a single EEX based bunch compressor eventually
transformed into a double EEX [33]. First, transverse
(x, x′) phase space is exchanged with the longitudinal
phase space. Then, a “telescope” consisting of trans-
verse optics elements, quadrupole magnets and drifts, is
applied to compress the beam in the new (x, x′) phase
space, which is the original (z, z′) phase space. Finally,
a second EEX switches the transverse and longitudinal
phase spaces back, returning a beam that is compressed
in the z−direction with enlarged energy spread.
Zholents et al. [33] proposed using the chicane-type
EEX modules with focusing and defocussing quadrupole
magnets inserted along the beamline with respect to
(x, x′) phase space to adjust the transverse beam pa-
rameters in the original design of the DEEX-based BC.
In contrast, we discuss the exact EEX modules with
unidirectional doglegs in this paper. The direction of
the second EEX module of the bunch compressor is
flipped so the electron beam can travel back to its orig-
inal path for simple integration within existing linacs
(Fig. 1 (c)). For this configuration, the transverse phase
space should be properly reshaped in the telescope if one
needs to keep the original orientation of the longitudi-
nal phase space at the exit of the BC. For the sake of
compensation of CSR effects it might be useful to re-
shape and mirror the original orientation of the trans-
verse phase space in the telescope resulting in the mir-
rored beam in the longitudinal phase space at the exit
of the BC (see Sections III and IV for details). Fur-
thermore, we generally “allow” unique configuration of
the structural components for the emittance exchangers
A and B: REEXA,B = ±REEX(LA,B , ηA,B , ψA,B) using
Eq. (22). Conversely, the parameters of each EEX are
defined according to Equations (23-25) as following:
LA,B =  L(DA,B , θA,B , S1A,B , S2A,B ), (26)
ψA,B = ψ(DA,B , θA,B , S1A,B ), (27)
ηA,B = η(DA,B , θA,B , S1A,B ), (28)
and cavity strengths are κA,B = ∓1/ηA,B . Such a asym-
metry is compensated in the transverse-optics between
two EEX modules:
RT1,2 =
±R11 ±R12 0 0±R21 ±R22 0 00 0 1 0
0 0 0 1
 , (29)
where the transverse matrix elements are defined through
the parameters of emittance exchangers:
R11 =
−LB(ψA +m2ψB) +m2η2B
mηAηB
, (30)
R21 =
ψA +m
2ψB
mηAηB
, (31)
R22 =
−LA(ψA +m2ψB) + η2A
mηAηB
, (32)
R12 =
R11R22 − 1
R21
, (33)
where m is the compression factor. The transverse op-
tics, RT1 , preserve the orientation of the final longitu-
dinal phase space (from now on referred to as direct or
standard) and RT2 turns it around (from now on referred
as mirrored). Finally, the transfer matrix of the DEEX
BC derived as a multiplication product of its structural
components, RDEEX = REEXA · RT1,2 · REEXB , can be
found in (x, x′, z, z′) 4D phase space:
R′DEEX =
R
′
11 R
′
12 0 0
R′21 R
′
22 0 0
0 0 ±1/m 0
0 0 0 ±m
 , (34)
where the transverse matrix elements are:
R′11 = −
LB(ψA + ψB)− η2B
ηAηB
, (35)
R′21 = −
ψA + ψB
ηAηB
, (36)
R′22 = −
LA(ψA + ψB)− η2A
ηAηB
, (37)
R′12 =
R′11R
′
22 − 1
R′21
. (38)
The motion in (y, y′) phase space is uncoupled and de-
scribed in Appendix B. In contrast to the chicane-based
BC in Eq. (18), the final matrix of the DEEX-based BC
in Eq. (34) is independent of the beam parameters, and
the compression ratio m is theoretically unlimited in the
approximation of linear single particle dynamics and can
be easily adjusted by tuning the transverse-optics system
between two EEXs.
C. CSR effects
Chicane-based bunch compressors experience emit-
tance degradation due to CSR effects. Particles at the
front (end) of the bunch gain (lose) energy in bending
magnets due to the interaction with the self-produced
CSR radiation, which results in the appearance of a CSR
wake in the longitudinal phase space of the beam [39–
43]. In the dispersive element such as a bending mag-
net, this distribution in energy unavoidably affects the
transverse phase space resulting in a degradation of the
7transverse emittance. According to the theoretical cal-
culations in [39], the impact of the CSR effects on the
transverse emittance enlargement (added in quadrature
to the initial emittance 2nf = 
2
ni + ∆
2
n) in the bending
plane of a dipole magnet can be quantified as:
∆n = 0.38θ
2 Ip
IA
ln
(ρ0
a
) σ2r
σz
, (39)
where Ip is the beam peak current, IA is the Alfven cur-
rent, σr is the radial beam size in the approximation of
a cylindrical beam, σz is the bunch length, ρ0 is the ra-
dius of the beam pipe and θ is the bending angle. The
R16 and R26 matrix elements of the chicane are absent
in the approximation of the linear single-particle dynam-
ics, however they become effectively nonzero for parti-
cles in the head and tail of the bunch due to the CSR
wake [40, 41, 44]. This results in even bigger emittance
deterioration in the chicane than in a single dipole mag-
net.
The standard approach to preserve beam quality after
the chicane is to minimize the emittance degradation in
each element of the scheme. CSR radiation can exit the
bending magnet and keep interacting with a beam in the
downstream sections of the beamline [41–43]. Accord-
ing to Eq. (39), emittance enlargement quadratically de-
pends on beam peak current at a constant bunch charge
∆n ∼ Ip/σz ∼ I2p , so the effect becomes larger for
shorter bunches. Quadratic scaling of emittance growth
with transverse beam size and bending angle suggests
minimizing these parameters for suppressing the CSR ef-
fects in each dipole magnet.
A more sophisticated and, perhaps, more effective ap-
proach relies on mutual compensation of the CSR effects
imposed in various sections of the bunch compressor. For
instance, this is realized in a double-chicane scheme [44].
The orientation of the second chicane is flipped with re-
spect to the first chicane. This results in the opposite sign
of the dispersion η of the doglegs in the second chicane
which partially reverses the transverse phase-space dis-
placement caused by the CSR effects in the first chicane
and eventually reduces the emittance deterioration at the
exit of the compressor. The compensation of the CSR ef-
fects can be optimized by adjusting the beam elements
of each chicane, the input Twiss parameters of the beam,
and the transverse-optics in between of two chicanes. An
interesting approach to minimize the impact of the CSR
effects on emittance deterioration via longitudinal bunch
shaping is discussed in [45]. Alternatively, minimizing
the CSR-induced phase space degradation can be accom-
plished by blocking the CSR radiation with metal plates
along the beam path in a bending magnet as was demon-
strated in [46].
The microbunching instabilities driven by CSR effects
are typically much smaller than the LSC-initiated coun-
terpart [21, 47, 48], while originally they were consid-
ered to be the major source of the magnified noise in
the chicane-type BCs [49, 50]. The LSC-induced insta-
bilities are expected to be much smaller in the DEEX-
based BC, predominantly because of the absence of the
chicane-type optics and constant transverse-longitudinal
mixing of the beam motion. However, the CSR effects in
the dipole magnets in the phase space exchange schemes
are still expected to be critical, and might be even more
problematic than in chicane-based bunch compressors.
III. SYMMETRIC DEEX
Assuming similar beam parameters to those used for
the second bunch compressor at 1.6 GeV in the concep-
tual design of LCLS-II [51] (summarized in Table I), we
consider a symmetric configuration of the DEEX BC.
The parameters for beamline elements, chosen with real-
istic electro-magnetic fields in bends and transverse de-
flecting cavities, are summarized in Table II and satisfy
conditions of the corresponding matrix formalism pre-
sented in Section II.
TABLE I. LCLS-II [51] beam parameters on the entrance of
the bunch compressor used in the simulations.
Electron beam LCLS-II Units
Normalized emittance nx,ny 0.45 µm
Energy spread (rms) 47 keV
Bunch length (rms) 153 µm
Energy chirp (rms) 0 m−1
Beam energy 1.6 GeV
Bunch charge 100 pC
Required compression ratio 17
TABLE II. Parameters of the symmetrical DEEX and input
Twiss parameters of the beam for the unoptimized design with
standard and mirrored telescope.
Parameters Values Units
Bend angle, θA = θB 2.5 deg
Bend radius, rA = rB 1.14 m
Drift, S1A = S1A 4.8 m
Drift, S2A = S2B 1.6 m
Cavity strength, κA = −κB -4.71 m−1
Telescope matrix element, R11 ∓5.768
Telescope matrix element, R12 ±37.186 m
Telescope matrix element, R21 ±3.495 m−1
Telescope matrix element, R22 ∓22.709
Twiss parameter, βx 100 m
Twiss parameter, αx 0
The scheme delivers exact direct and inverse exchanges
in each EEX module and overall results in compressing
the bunch length be a factor of 17 in the approximation
of linear single particle dynamics. Simulation studies dis-
cussed in this paper are performed using tracking code
8FIG. 2. Evolution of the beam parameters along the beamline in different regimes: normalized emittances in linear regime (a);
normalized eigen emittances in nonlinear regime (b); normalized eigen emittances in CSR regime for direct (c) and mirrored
(d) telescope configuration.
elegant [52] in the corresponding regimes of the linear
and nonlinear single-particle dynamics (referred further
as linear and nonlinear regimes) and of the multi-particle
dynamics accounting for CSR effects in bending magnets
and drifts (referred further as CSR regime). The trans-
verse and longitudinal emittances grow within the first
EEX because beam dynamics are highly coupled between
various degrees of freedom as depicted in Fig. 2 (a). The
emittances are exchanged after the first EEX and pre-
cisely correspond to the initial values of each other justi-
fying the absence of transverse-longitudinal correlations.
In the second EEX, transverse and longitudinal dynam-
ics become coupled again resulting in enlargement of the
corresponding emittances, which at the exit of the com-
pressor return to their initial values. In contrast, the
invariants of linear dynamics, eigen emittances, remain
unchanged along the beamline in the linear regime as
expected. The eigen-emittance formalism is reviewed in
Appendix C.
It is convenient to introduce the coefficient µ as a ratio
between the product of normalized eigen emittances and
the product of normalized emittances:
µ =
nx · ny · nz
λ1 · λ2 · λ3 =
nx · ny · nz
γ3β3
√
det Σ
=
nx · ny · nz
n6D
,
(40)
which can be expressed in terms of the normalized 6-
dimensional emittance n6D . The coefficient µ character-
izes if an emittance exchange is complete, e.g. if there
are no remaining transverse-longitudinal correlations, it
is exactly equal to 1 in the linear regime.
The output beam has small transverse-longitudinal
correlations in (x, z) and (x′, z) phase spaces in the non-
linear regime (green) as depicted in Fig. 3 and justified
by µ = 1.0025 in contrast to the linear regime (black).
Our description of the propagation in the telescope and
deflecting cavities has relied on the thin-lens approxima-
tions via first order matrices for simplicity. The non-
linear effects associated with TDCs can be suppressed
using methods discussed in [19, 53]. The dynamics in
linear and nonlinear regimes are practically identical be-
tween the schemes with direct and mirrored telescopes,
hence only the former is presented in Fig. 2 (a, b) and
Fig. 3. In the nonlinear regime, the eigen emittances
λ1 and λ3, corresponding respectively to the longitudi-
9nal phase space and (y, y′) transverse phase space, still
remain invariant, while eigen emittance corresponding to
(x, x′) transverse phase space λ2 grows along the beam-
line as demonstrated in Fig. 2 (b). At the exit of the
scheme, this results in a significant 9.2-fold increase of
emittance nx , while growth of nz is almost invisible
(0.1%).
Accounting for CSR effects in bends and drifts results
in a similar enlargement of eigen emittance λ2 and vari-
ous evolutions of eigen emittance λ1 along the beamline
for the distinct telescope configurations as compared in
Fig. 2 (c) and (d). The phase space dilution initiated
by CSR effects in the first EEX is partially compensated
by turning the beam around in the second EEX follow-
ing a mirrored telescope and provides only a 5.3% en-
largement of the longitudinal emittance nz versus 14.6%
for the scheme with a standard telescope. The residual
transverse-longitudinal correlations in the scheme with
CSR-compensation are significantly smaller and quanti-
fied by µ = 1.04 versus µ = 1.28 for its counterpart. The
17.3-fold increase of transverse emittance nx at the exit
of the scheme with mirrored telescope is slightly bigger
than for the scheme with standard telescope demonstrat-
ing 17.1-fold increase. The final emittances and output
phase spaces in the CSR regime are compared between
the two schemes (red and blue) in Fig. 4 and highly com-
promise the applicability of the DEEX bunch compressor
in front of a LCLS-II type FEL, however the final com-
pression ratio (m = 17) is in absolute agreement with its
designed value.
Optimization of input Twiss parameters. Non-
linear and CSR effects strongly depend on transverse and
longitudinal beam parameters along the beamline. Since
transverse and longitudinal dynamics are highly coupled
in each EEX, both can be optimized by proper adjust-
ment of the input Twiss parameters βx and αx, while the
fold-increase of the normalized 6-dimensional emittance,
characterized by the determinant of the Σ−matrix ac-
cording to Eq. (40), is minimized. Figure 5 demonstrates
the dependence of the fold-increase of the 6-dimensional
emittance (a), transverse (b) and longitudinal (c) emit-
tances from the input Twiss parameters for the scheme
with mirrored telescope. A “minimum-valley” is clearly
seen, characterized by the line αx ≈ 0.2·βx[m]. The white
dot in Fig. 5 (a-c) demonstrates the absolute minimum of
the 6-dimensional emittance, while the ES searches de-
picted in Fig. 5 (a) converge to the global minimum start-
ing from the various initial conditions. The green dot in
Fig. 5 (c) shows the location of the absolute minimum of
longitudinal emittance, while the absolute minimum of
transverse emittance (red dot) in Fig. 5 (b) is perfectly
aligned with the absolute minimum of n6D .
Nonlinear and CSR effects partially compensate each
other resulting in 3.7- and 3.4-fold increase of transverse
emittance nx in the CSR regime for the scheme with
direct and mirrored telescopes, respectively. Compensa-
tion of CSR effects in the scheme with a mirrored tele-
scope is depicted in Fig. 6 (b), representing the evolu-
tion of eigen emittance along the beamline, and results
in much smaller degradation of the longitudinal phase
space quality which is quantified by emittance enlarge-
ment of 2.7% versus 19.8% for the scheme with direct
telescope (Fig. 6 (a)). Conversely, 3.4-fold increase of
the 6-dimensional emittance and µ = 1.03 for the scheme
with CSR-compensation are smaller than 3.85-fold in-
crease of n6D and µ = 1.3 for its counterpart. Out-
put phase spaces for the dynamics in nonlinear and CSR
regimes for the scheme with standard telescope are com-
pared in Fig. 7 and for the scheme with mirrored tele-
scope in Fig. 8.
Summarizing the above, the scheme with a mirrored
telescope between identical (apart from orientation) EEX
modules demonstrates significantly better quality of the
longitudinal phase space due to compensation of CSR ef-
fects along the beamline, while the dilution of the trans-
verse emittance nx is predominated by nonlinear effects
showing slightly better results for the mirrored telescope
configuration.
IV. ASYMMETRIC DEEX
In this section we demonstrate that emittance degra-
dation can be significantly minimized by allowing for a
unique configuration of each emittance exchanger, which
was found by ES-driven optimization for the direct tele-
scope scheme. These parameters demonstrated even bet-
ter performance for the scheme with a mirrored telescope,
while further adjustment of them with ES did not bring
significant improvements. The parameters of the beam-
line elements are summarized in Table III and compared
with that of the symmetric design. The final transverse
emittance nx for the scheme with a direct telescope is
45.6% bigger than its initial value, while the longitudinal
emittance is enlarged by 17.9%. In contrast, the corre-
sponding values for the scheme with CSR-compensation
experience 38.7% growth of nx and only 1.2% enlarge-
ment of nz . The dynamics in the nonlinear regime
through the asymmetric scheme are similar for two tele-
scope configurations. Nonlinear effects practically do not
affect the longitudinal phase space resulting in invari-
ant longitudinal emittance. In contrast, both schemes
demonstrate similar and worser (than in CSR regime)
output beam quality in (x, x′) transverse phase space,
which is characterized by a roughly 72% enlargement of
the corresponding emittance and depicted in green in
Fig. 9 for the mirrored configuration and Fig. 10 for the
direct configuration. This result should not be surpris-
ing since the schemes were specifically optimized in the
CSR-regime, which lead to the mutual compensation of
the nonlinear and CSR effects. The fold-increase evolu-
tion of eigen emittances along the beamline is depicted in
Fig. 11 and demonstrates almost complete compensation
of CSR effects’ impact on the longitudinal dynamics for
the scheme with mirrored telescope and partial compen-
sation of the nonlinear and CSR effects for the transverse
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FIG. 5. 2D density plots for the scheme with mirrored telescope from the input Twiss parameters βx and αx of: (a)
six-dimensional emittance n6D , (b) transverse emittance nx and (c) longitudinal emittance nz .
FIG. 6. Evolution of normalized eigen emittances in CSR regime for the scheme with direct (a) and mirrored (b) telescope.
dynamics in both configurations.
Nonlinear optics. Nonlinear effects in the obtained
asymmetrical configuration are partially compensated by
choosing appropriate linear optics and input Twiss pa-
rameters delivering the proper beam dynamics along the
DEEX bunch compressor. The major enlargement of
eigen emittance λ2 happens in the drift section between
the third and fourth bending magnets in the CSR regime
(Fig. 11) and become even bigger in the nonlinear regime
as demonstrated in Fig. 12 (a). In the approximation of
zero bunch charge (CSR effects are neglected) the non-
linear effects can be fully compensated by inserting two
sextupole magnets in this drift section, while properly
adjusting their relative location and strength. The first
sextupole (k1 = −4.33 m−2) is placed in the location di-
viding the drift section as 7 to 3 and aimed to turn around
the evolution of eigen emittance λ2 as depicted in Fig. 12
(b). This sextupole also strongly affects the eigen emit-
tance λ1 since the transverse and longitudinal dynamics
are highly coupled at this point of the beamline. A sec-
ond sextupole (k2 = 1.55 m
−2) is placed directly in front
of the fourth bending magnet in order to compensate for
the introduced enlargement of λ1, which at this location
is practically solely characterized by the transverse dy-
namics, thus eigen emittance λ2 is practically unaffected
by this sextupole. The sextupoles strengths and loca-
tions were tuned exclusively by analyzing the evolution
of eigen emittances along the beamline and resulted in
approximately 2% enlargement of nx and 0.2% enlarge-
ment of nx in nonlinear regime.
Turning on CSR effects in the approximation of 100 pC
bunch destroys both the sextupole compensation of the
nonlinear effects and CSR compensation, accomplished
by the proper non-symmetry of the DEEX design with
mirrored telescope, and results in 74% enlargement of nx
and 2.1% enlargement of nz which are even worse than in
the optimal asymmetrical scheme without sextupoles. A
further adjustment of sextupole strengths and locations
within the drift sections (two more sextupoles were addi-
tionally added between the fifth and sixth bending mag-
nets) was accomplished by two strategies for ES-driven
optimization.
Initially, optimization was started from the optimal
asymmetrical beamline configuration for 100 pC bunch
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FIG. 7. Output phase spaces simulated in nonlinear (green) and CSR (blue) regime for the symmetric scheme with standard
telescope for the beam with Twiss parameters optimized in CSR regime.
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FIG. 9. Phase spaces at the exit of asymmetrical DEEX with direct telescope optimized in CSR regime and simulated in
nonlinear (green) and CSR (blue) regime.
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FIG. 10. Phase spaces at the exit of asymmetrical DEEX with mirrored telescope optimized in CSR regime and simulated in
nonlinear (green) and CSR (red) regime.
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FIG. 11. Fold increase of normalized eigen emittances along the beamline for direct (a) and mirrored (b) configuration in CSR
regime.
FIG. 12. Fold increase of normalized eigen emittances along the beamline in nonlinear regime for mirrored configuration with
turned off (a) and turned on (b) correcting sextupoles (marked black).
with turned off sextupoles and converged very slowly. In
contrast, the alternative strategy relied on optimization
of all parameters starting from the optimal asymmetric
scheme with sextupoles for 0 pC bunch by slowly increas-
ing the bunch charge to the designed value of 100 pC.
Thus, the output beamline configuration, optimized for
20 pC bunch charge was used for 40 pC bunch charge, etc.
For the operating regime of LCLS-II assuming a bunch
charge of 100 pC we found a configuration of the scheme
with mirrored telescope resulting in as low as 26.6% en-
largement of transverse emittance nx .
Compensation of CSR effects by turning around the
longitudinal phase space of the beam by mirrored
telescope results in a small CSR-induced chirp (-14.7
m−1) corresponding to the correlated energy spread of
−212 keV, while the final uncorrelated energy spread is
817 keV. This slightly enlarges the total energy spread
of the beam (844 keV), but longitudinal emittance nz
practically remains unchanged demonstrating only 2%
enlargement. The imposed chirp can be removed via a
downstream off-crest acceleration, alternatively, by in-
troducing an initial correlated energy spread 12.5 keV, or
even more elegantly, by slightly modifying the transverse-
optics of the mirrored telescope. The later results in al-
most complete correspondence of the output phase space
in linear (without chirp) and CSR regime as depicted in
Fig. 13. The required modification of the telescope ma-
trix in Eq. (29) can be described by introducing a single
coefficient R65 resulting in the redefined matrix elements:
R11 = −−LBψA +m(m+R65ψA)(LBψB + 1)
mηAηB
, (41)
R21 = −ψA +m(m+R65ψA)ψB
mηAηB
, (42)
R22 =
LA(ψA +m
2ψB)− η2A −mR65ψB(η2A − LAψA)
mηAηB
,
(43)
R12 =
R11R22 − 1
R21
, (44)
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FIG. 13. Phase spaces at the exit of optimized asymmetrical DEEX with sextupoles in linear (black) and CSR (red) regime
with chirping (R56 = 0.867 m
−1) mirrored telescope demonstrating 26.6% growth of nx and 2% enlargement of nz .
which correspond to the original matrix elements defined
in Equations (30-33), if R65 = 0. The new transverse-
optics results in the modified longitudinal part of the
final matrix of the DEEX BC which imposes a chirp on
the beam in the linear regime while compressing it:
R′DEEXM =

R′11 R
′
12 0 0
R′21 R
′
22 0 0
0 0 −1/m 0
0 0 R65 −m
 . (45)
The transverse part of the matrix remains unchanged and
its matrix elements are described by Equations (35-38).
One can completely compensate the CSR-induced chirp
for the 100 pC bunch by choosing the proper value of
R65 = 0.867 m
−1 (Fig. 13). The input Twiss and beam-
line parameters for the DEEX BC relying on different
treatments aimed to compensate for nonlinear and CSR
effects for 100 pC bunch are summarized in Table III,
while Table IV provide with the input emittances and
quantify their degradation in distinct scheme configura-
tions. Finally, we visualize the evolution of the bunch
through the optimized DEEX bunch compressor in CSR
regime in Fig. 14.
Different operating regimes. Here we briefly pro-
vide optimization results for other possible operating
regimes of LCLS-II which are summarized in Table V.
Assuming nx,ny = 0.20 µm for 20 pC charge, the scheme
demonstrates almost negligible changes in the quality of
the output beam in CSR regime in comparison to the lin-
ear regime. The transverse emittance experiences only
6.3% growth, while longitudinal emittance is increased
in less than 0.2%. The CSR-induced chirp (-26 keV) is
smaller than for 100 pC bunch and can be compensated
by choosing R65 = 0.1 m
−1. For the 200 pC operating
and initial emittance nx,ny = 0.55 µm the scheme still
demonstrates the acceptable performance: 59.6% degra-
dation of nx and 6.7% enlargement of nz . The CSR-
induced chirp is larger than in 100 pC regimes but can
be completely compensated by choosing R65 = 1.85 m
−1.
V. DISCUSSION
Typical linear or circular accelerators have an ex-
tremely large number of beam elements and, therefore,
thousands of parameters which must be tuned to achieve
desired performance. Such an optimization problem is
equivalent to the mathematical problem of finding an
extremum of a highly coupled, nonlinear, multi-variable
function. Optimization during design is very important
because once an accelerator is built, the possibility of ad-
justing parameters of the accelerating elements and of the
whole beamline performance becomes extremely limited.
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FIG. 14. The top row of subplots (a-c) demonstrates the evolution of the beam shape in real space (x, y, z) while propagating
through the optimized DEEX. Subplot (a) shows the beam at the exit of first EEX, (b) shows the beam after the mirrored
transverse-optics, and (c) is at the exit of the beamline. The energy spread, ∆γ/γ, is specified by the color map in arbitrary
normalized units. All of the subplots also show the beam’s phase space distribution at the entrance of the beamline for
comparison. The initial phase spaces are all uniformly red because of very low initial energy spread, and are plotted with
slight opacity to help differentiate from the subsequent phase spaces. The second row (d-f) shows the (x′, y′,∆γ/γ) phase
space at the same locations as the top row. The third row (g-i) depicts the corresponding evolution of the beam in 4D phase
space (x, x′, z,∆γ/γ) at the same locations along the beamline, visualizing the phase space exchanges resulting in significant
compression of the bunch at the cost of enlarging the energy spread.
While designing an accelerator, the beam dynamics sim-
ulation is the most valuable technique to determine opti-
mal beam elements and their boundary conditions. The
initial design, taking into account linear dynamics prop-
agation, can be evaluated quickly using matrix formal-
ism and gives an understanding of which beam elements
should be used and where. Once nonlinear effects and col-
lective effects are introduced, special simulation tools are
required, tracking codes, such as elegant, parmela [54]
and others. For light sources such as LCLS, LCLS2, Eu-
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TABLE III. The input Twiss and DEEX BC parameters for
different beamline configurations: initial symmetrical design
(IS), symmetrical design with optimized Twiss parameters
(ST) and asymmetrical design (AS) for the mirrored/direct
telescope; asymmetrical design with sextupoles for mirrored
(ASX) and modified-mirrored (ASXC) transverse-optics.
Design IS ST AS ASX ASXC
βx, m 100 31.6/31 11.504 8.857 8.857
αx, m 0 7.9 4.254 3.186 3.186
θA, deg 2.5 2.5 2.306 2.158 2.158
θB , deg 2.5 2.5 0.628 0.200 0.200
rA, m 1.14 1.14 0.502 0.500 0.500
rB , m 1.14 1.14 3.907 3.932 3.932
S1A, m 4.8 4.8 19.738 20.199 20.199
S1B , m 4.8 4.8 9.778 9.699 9.699
S2A, m 1.6 1.6 0.945 0.930 0.930
S2B , m 1.6 1.6 0.017 0.017 0.017
κA, m
−1 -4.71 -4.71 -1.255 -1.311 -1.311
κB , m
−1 4.71 4.71 9.291 29.495 29.495
k1, m
−2 0 0 0 -5.05 -5.047
k2, m
−2 0 0 0 -0.42 -0.422
k3, m
−2 0 0 0 -22.59 -22.588
k4, m
−2 0 0 0 12.13 12.134
R65, m
−1 0 0 0 0 0.867
R11 ±5.768 ±5.768 ±0.228 0.638 0.638
R12, m ∓37.186 ∓37.186 ∓0.429 -0.644 -0.644
R21, m
−1 ∓3.495 ∓3.495 ∓0.255 -0.143 -0.143
R22 ±22.709 ±22.709 ±4.869 1.710 1.711
TABLE IV. Emittance degradation in CSR regime for 100 pC
bunch for the different beamline configurations with mir-
rored/standard telescope (apart from ASX design where re-
sults are provided for the mirrored telescope only while are
similar for the ASXC design with chirping transverse-optics).
Design Initial IS ST AS ASX
nx 0.45 µm 1722/1707% 335/366% 39/46% 27%
ny 0.45 µm 0% 0% 0% 0%
nz 14.09 µm 5/15% 3/20% 1/18% 2%
n6D 2.85 µm
3 1779/1730% 338/385% 38/58% 26%
µ 1 1.04/1.28 1.03/1.20 1.04/1.18 1.05
ropean XFEL, Spring-8 or the planned MaRIE XFEL,
the design stage includes tracking of the electrons from
injection at the cathode all way to the undulator, where
X-ray photons are simulated using FEL simulation soft-
ware such as genesis [55], etc.
A light source design problem can be represented as the
simultaneous maximization of brightness and minimiza-
tion of bandwidth of the produced radiation. In such an
optimization problem, there are thousands of parameters
that one can adjust, while even a single simulation run
TABLE V. Emittance degradation in DEEX BC in CSR
regime optimized for possible operating regimes of LCLS-
II for different bunch charges and transverse emittances
from [51] while input nz = 14.09 µm for all regimes.
Bunch charge, pC 20 50 100 200 300
Input nx , µm 0.2 0.3 0.45 0.55 0.65
Enlargement nx , % 6.3 16.0 26.5 59.6 90.3
Enlargement nz , % 0.17 0.58 1.95 6.7 13.6
Enlargement n6D , % 5.85 14.8 26.0 66.2 110
µ 1.01 1.03 1.05 1.05 1.06
Ec, keV (R65 = 0) -26 -89 -212 -452 -705
R65, m
−1 0.1 0.365 0.867 1.85 2.88
of the electron beam from the cathode to the photons
at the exit of the undulator can take up to several days
on a high performance computer cluster. The process
can be subdivided into at least three stages: 1) cath-
ode and electron gun simulations. 2) Beam transport
through the accelerator. 3) Electron propagation and
photon generation in the undulator. In this paper, we
discussed beamline transport optimization concentrating
on the realization of an important structural component,
the bunch compressor. We demonstrated that a novel
extremum seeking (ES) algorithm not only can dramat-
ically improve the performance of the scheme (here, an
ability to preserve the beam quality and compression fac-
tor), but, in addition, can help to discover or prove in-
teresting physics behavior in such a system. It is our
belief that this method can be useful for a wide range of
accelerator scientists who face large, multi-dimensional,
computationally expensive optimization problems.
In summary, all bunch compressors, especially ad-
vanced schemes, such as a double chicane or double EEX,
have a large number of beam optics elements. In addi-
tion, each element is usually characterized by multiple
parameters. While working well in the linear regime, all
of these schemes requires multi-dimensional (over all set
of parameters) optimization in the case of real dynamics
(including nonlinear and collective effects) to minimize
emittance growth and phase space deformations. Since
every individual simulation run of a bunch compressor
with nonlinear and CSR effects takes quite some time,
we needed to apply fast adaptive multi-dimensional op-
timization algorithms.
VI. CONCLUSIONS AND FUTURE WORK
In this paper, we demonstrated a new type of
a bunch compressor, the asymmetrical double emit-
tance exchanger, in what each emittance exchanger and
transverse-optics is tuned to match the parameters of the
propagating beam. In the symmetric configuration of
the scheme, the CSR effects’ impact on the degradation
of the longitudinal phase space was compensated along
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the beamline by turning around the beam in the mir-
rored telescope followed by a second EEX. The unique
asymmetric design was revealed by the model indepen-
dent Extremum Seeking optimization effectively work-
ing in a high-dimensional space of parameters, while
6-dimensional emittance was used as a cost function
for optimization. This asymmetrical configuration lead
to partial compensation of CSR and nonlinear effects
on the transverse dynamics and, as a result, signifi-
cantly improved the quality of the output transverse
phase space, minimizing enlargement of the correspond-
ing emittance. Furthermore, nonlinear effects were com-
pletely suppressed in the approximation of zero bunch
charge by incorporating several sextupoles and tuning
them exclusively relying on the eigen-emittance analy-
sis. This result was used as a starting point for the ES-
driven optimization which then adjusted all parameters
of the scheme while slowly increasing the bunch charge
to the operational value of 100 pC. This lead to the great
correspondence of the output beam phase spaces in the
approximation of the idealized linear dynamics and real
dynamics accounting for nonlinear and CSR effects re-
sulting in 26.5% enlargement of nx and 2% enlargement
of nz respectively to their initial values. Optimization
results for other operational regimes of LCLS-II account-
ing for the corresponding emittance quantities for dis-
tinct bunch charges prove that DEEX-based BC can be
effective across a wide operational range of the machine.
The designed bunch compressor does not require
energy-phase compensations and completely eliminates
chicane-type optics, hence, has the potential to have less
impact from LSC-induced micro-bunch instabilities. De-
tailed investigation of how the DEEX-based bunch com-
pressor will quantitatively interact with microbunching
instabilities imposed in the first bunch compressor and
other upstream elements and if it is capable to substitute
both compressors at once is the subject of future research,
in which nonlinear effects associated with the transverse
deflecting cavities in the thick-lens approximation and
structural components of the transverse-optics, neglected
here, should be accounted for. Apart from FEL-driving
linacs, ultra-short low-emittance bunches are required for
the Plasma-Wakefield Accelerators [56], i.e. FACET at
SLAC, and for the high-energy particle colliders such as
LHC at CERN, etc. It is our belief that the designed
DEEX-based bunch compressor can be of great interest
for these machines alongside its feasibility for FELs.
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Appendix A: Extremum Seeking
The ES feedback scheme is designed for n-dimensional
dynamic systems of the form
dx
dt
= f(x,p, t), (A1)
where f is an unknown function, x = (x1, . . . , xn) are
physical parameters such as beam properties throughout
an accelerator, and p(t) = (p1(t), p2(t), . . . , pm(t)) are
tunable parameters which influence x, such as magnet
lengths or electromagnetic field amplitudes. ES can be
used to minimize an analytically unknown, time-varying,
user-defined “cost function,” C(x,p, t), whose minimiza-
tion corresponds to optimization of certain system prop-
erties, such as beam loss or a measure of how much phase
space deviates from a desired distribution in a particu-
lar location. The ES adaptation only needs access to a
possibly noise corrupted measurement of C(x,p, t) of the
form:
Cˆ(x,p, t) = C(x,p, t) + ν(t)︸︷︷︸
noise
. (A2)
In order to minimize the analytically unknown C, the ES
dynamics are given by
dpj
dt
=
√
αωj cos
(
ωjt+ kCˆ
)
. (A3)
If ωj = ωrj such that rj 6= ri for i 6= j, then in the limit
as ω → ∞, the dynamics (A3) are approximated by the
average dynamics
dp
dt
= −kα
2
∇pC, (A4)
a gradient descent of the actual, unknown function C
with respect to p [13, 14]. In (A3) the term α controls the
size of the dither amplitude of each parameter and can be
increased to escape local minima or to speed up conver-
gence towards the minimum. The term k > 0 serves as a
feedback gain which also speeds up convergence. For the
average dynamics approximation (A4) to hold, ω must
be very large relative to the natural time variation of the
system and may have to be increased as the values of k
or α are increased.
The cos(·) terms in (A3) may be replaced by sin(·)
functions, or the two can be mixed together. Conver-
gence of the scheme requires that the perturbing func-
tions are orthogonal in L2[0, T ], which means that the
inner products of the functions uniformly converge to
zero:
lim
ω→∞
∫ T
0
sin(ωr1t) sin(ωr2t)dt = 0.
For complex physical systems, such as particle acceler-
ators, the values of the parameters p may vary over sev-
eral orders of magnitude and may have various bounds
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which should not be violated. Therefore it is usually best
to normalize all parameters within a given range such as
pnrm ∈ [−1, 1]. Normalization is performed by first defin-
ing upper and lower bounds on all parameters:
pmax = (p1,max, . . . , pm,max) , (A5)
pmin = (p1,min, . . . , pm,min) . (A6)
We then define
∆p+ =
pmax + pmin
2
, ∆p− =
pmax − pmin
2
, (A7)
and normalize all parameters via
p −→ p−∆p+
∆p−
= pnrm ∈ [−1, 1], (A8)
and un-normalize normalized values back to their physi-
cal ranges via
pnrm −→ pnrm∆p− + ∆p+ = p ∈ [pmin,pmax]. (A9)
The iterative ES procedure is:
1). Choose physics-based estimates for initial parameter
values, p(1).
2). Perform a simulation or run an experiment with pa-
rameter settings p(1) and make the desired measurement
of the analytically unknown cost function
Cˆ(1) = C(x(p(1)),p(1), t1) + ν(t1). (A10)
3). Calculate normalized parameter values pnrm(1) ac-
cording to (A8).
4). Calculate new normalized parameter values pnrm(2)
according to the ES update rule:
pnrm,j(2) = pnrm,j(1) + ∆
√
αjωj cos
(
ωj∆ + kCˆ(1)
)
.
(A11)
5). Force normalized parameters values to remain within
the bounds [−1, 1] via the simple check:
|pnrm,j(2)| > 1 =⇒ pnrm,j(2) = sign(pnrm,j(2))|pnrm,j(2)| . (A12)
6). Un-normalize parameters to get new physical values
p(2), according to (A9) and repeat the simulation or ex-
periment to record Cˆ(2).
7). The procedure is continued iteratively with updates
at step n of the form:
pnrm,j(n+1) = pnrm,j(n)+∆
√
αjωj cos
(
ωjn∆ + kCˆ(n)
)
,
(A13)
which, for ∆ 1maxωj  1 is a finite difference approxi-
mation of the dynamics (A3) and results in minimization
of C.
Several useful features of this feedback scheme are:
1). The average gradient descent, (A4) takes place rel-
ative to the actual, unknown function C, despite being
based only on its noise-corrupted measurement Cˆ.
2). Unlike standard gradient-descent approaches, con-
vergence time does not grow exponentially with the num-
ber of parameters and can handle noisy, time-varying sys-
tems.
3). Despite operating on an analytically unknown dy-
namic system and minimizing an analytically unknown
function, Cˆ, this feedback has analytically known bounds
on parameter variation and update rates, because the
unknown function enters the parameter dynamics as the
argument of a known, bounded function:
|pj(n+ 1)− pj(n)| =
∣∣∣∆√αωj cos(ωj∆n+ kCˆ(n))∣∣∣
≤ ∣∣∆√αωj∣∣ , (A14)
which makes this method safe and useful for in-hardware
and in-software implementation.
Appendix B: Matrices of the beamline elements
Linear matrices of the beamline elements used in the
paper are summarized in this section assuming electron
coordinates ξ =(x, x′, y, y′, z = s − ct, z′ = δγ/γ0) in
6D phase space. The matrix of a free space propagation
(drift) of length L for highly relativistic beam (γ  1):
RDrift(L) =

1 L 0 0 0 0
0 1 0 0 0 0
0 0 1 L 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

. (B1)
A bending magnet can be represented by the transfer ma-
trix under an assumption that the reference particle tra-
jectory is orthogonal to edge surfaces of the magnet [57]:
Rbend(r, θ) =
=

cos θ r sin θ 0 0 0 r(1− cos θ)
r−1 sin θ cos θ 0 0 0 sin θ
0 0 1 rθ 0 0
0 0 0 1 0 0
− sin θ −r(1− cos θ) 0 0 1 r(sin θ − θ)
0 0 0 0 0 1

,
(B2)
where θ is the bending angle and r is the bending radius,
and D = rθ is the length along the beam path. Focusing
or defocussing effects by the edge of the magnet appear
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if the beam arrives to/leaves it at an angle α [57]:
Redge(r, α) =

1 0 0 0 0 0
r−1 tanα 1 0 0 0 0
0 0 1 0 0 0
0 0 −r−1 tanα 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

.
(B3)
The total transfer matrix of a bending magnet with equal
edge angles can be found as:
Rbend′(r, θ, α) = Redge (r, α) ·Rbend(r, θ) ·Redge (r, α) .
(B4)
A dogleg is a sequence of two identical but oppositely ori-
ented bending magnets separated by drift. This beam-
line shifts the beam in the bending plane and imposes
transverse-longitudinal correlations. If α = θ/2 for each
bending magnet, the combination of two bending mag-
nets accounting for the edge focusing effects separated by
drift L1 can be found as a multiplication product of its
components:
Rdogleg(r, θ, L1) =
= Rbend′(r, θ,
θ
2
) ·RDrift(L1) ·Rbend′(−r,−θ,−θ
2
),
(B5)
and results in the following transfer matrix for a dogleg
shifting the trajectory up:
Rdogleg(η) =

1 Leff 0 0 0 η
0 1 0 0 0 0
0 0 R′33 R
′
34 0 0
0 0 R′43 R
′
44 0 0
0 η 0 0 1 ψ
0 0 0 0 0 1

. (B6)
The only difference between matrices of dogleg up and
dogleg down is in the sign of dispersion ±η. Parameters
of the dogleg can be found as:
η = −2(L1 + r sin θ) tan
(
θ
2
)
, (B7)
ψ = 4L1 tan
2
(
θ
2
)
− 2r(θ + sin θ) + 8r tan
(
θ
2
)
, (B8)
Leff = L1 + 2r sin θ, (B9)
and matrix elements characterizing horizontal dynamics:
R′33 = R
′
44 = (B10)
= 1− tan θ
2
(
θ tan
θ
2
− 2
)(
L1
r
(
θ tan
θ
2
− 1
)
− 2θ
)
,
(B11)
R′34 =
(
θ tan
θ
2
− 1
)(
L1
(
θ tan
θ
2
− 1
)
− 2rθ
)
,
(B12)
R′43 =
R′33
2 − 1
R′34
, (B13)
A chicane with four bending magnets or C-chicane com-
bined with two doglegs is described by the corresponding
transfer matrix:
Rchicane =

1 Lx 0 0 0 0
0 1 0 0 0 0
0 0 R33 R34 0 0
0 0 R43 R44 0 0
0 0 0 0 1 R56
0 0 0 0 0 1

. (B14)
The chicane strength is equal to:
R56 = 2ψ, (B15)
and the effective drift length in the vertical plane is
(x, x′):
Lx = 2Leff + L2, (B16)
where L2 is the distance between two doglegs and matrix
elements describing (y, y′) dynamics:
R33 = R44 = R
′
33
2
+ L2R
′
33R
′
43 +R
′
34R
′
43, (B17)
R34 = R
′
33(L2R
′
33 + 2R
′
34), (B18)
R43 =
R233 − 1
R34
. (B19)
Elements imposing/removing the correlated energy
spread along the bunch is described by the matrix:
Rchirp =

1 Lc 0 0 0 0
0 1 0 0 0 0
0 0 1 Lc 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 R65 1

, (B20)
where R65 < 0 is for chirper and vice verse. The effective
vertical and horizontal lengths are chosen to be identical
for simplicity but differ for chirper (Lc) and dechirper
(Ld). The overall transfer matrix of the chicane-based
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bunch compressor can be found as:
RBC =

1 LBCx 0 0 0 0
0 1 0 0 0 0
0 0 R′′33 R
′′
34 0 0
0 0 R43 R
′′
44 0 0
0 0 0 0 1 +R56R65 R56
0 0 0 0 R′′65 R
′′
66

,
(B21)
where LBCx = Lc + Lx + Ld, and matrix elements de-
scribing transverse dynamics in (y, y′) phase space are:
R′′33 = R33 + LdR43, (B22)
R′′44 = R33 + LcR43, (B23)
R′′34 = (Lc + Ld)R33 +R34 + LcLdR43, (B24)
while matrix elements characterizing longitudinal dy-
namics defined according to the following equations:
R′′65 =
R56σ
2
z′0
(1 +R56R65)2σ2z0 +R
2
56σ
2
z′0
, (B25)
R′′66 =
(1 +R56R65)σ
2
z0
(1 +R56R65)2σ2z0 +R
2
56σ
2
z′0
. (B26)
A TDC-cavity used between two doglegs in an emit-
tance exchanger can be represented by the following
transfer matrix in the thin-lens approximation:
RTDC(κ) =

1 0 0 0 0 0
0 1 0 0 κ 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
κ 0 0 0 0 1

. (B27)
The beam dynamics in the (y, y′) plane of the DEEX BC
is uncoupled and the associated transfer matrix can be
found as a combination of its structural components:
RBCyy′ = REEX−
yy′
·RTyy′ ·REEX+
yy′
. (B28)
where the transfer matrix through each EEX:
REEXyy′ = Rdoglegyy′ ·RDrift(S2) ·Rdoglegyy′ . (B29)
The corresponding transfer matrix through each dogleg
(Eq. B6) is invariant of its orientation (up or down). Ma-
trix elements for a dogleg with asymmetrical edge angles
of first magnet (α1 = 0 and α2 = θ) and second magnet
(α1 = θ and α2 = 0) used in each EEX can be found as:
R′33 = 1 + tan θ
(
−2θ + S1
D
tan θ(−1 + θ tan θ)
)
,
(B30)
R′43 =
sin θ tan θ(−2D + S1 tan θ2)
D2
. (B31)
The transfer matrix for (y, y′) dynamics through a tele-
scope is equal to:
RTyy′ =
(
−1 −LTy
0 −1
)
, (B32)
where effective drift length along the y−direction:
LTy =
1
3
Leff
(
2− (1 +m)
2
(1 +m2)q
)
. (B33)
Appendix C: Beam Invariants
The distribution of the electron beam in 6D phase
space is described by the Σ−matrix, a symmetric ma-
trix of the second order momenta:
Σ =

〈x2〉 〈xx′〉 〈xy〉 〈xy′〉 〈xz〉 〈xz′〉
〈xx′〉 〈x′2〉 〈x′y〉 〈x′y′〉 〈x′z〉 〈x′z′〉
〈xy〉 〈x′y〉 〈y2〉 〈yy′〉 〈yz〉 〈yz′〉
〈xy′〉 〈x′y′〉 〈yy〉 〈y′2〉 〈y′z〉 〈y′z′〉
〈xz〉 〈x′z〉 〈yz〉 〈y′z〉 〈z2〉 〈zz′〉
〈xz′〉 〈x′z′〉 〈yz′〉 〈y′z′〉 〈zz′〉 〈z′2〉

, (C1)
where 〈...〉 denotes averaging over the ensemble. Dynam-
ics uncoupled between different degrees of freedom are
characterized by normalized emittances [58]:
nx = γβ
√
〈x2〉〈x′2〉 − 〈xx′〉2, (C2)
ny = γβ
√
〈y2〉〈y′2〉 − 〈yy′〉2, (C3)
nz = γβ
√
〈z2〉〈z′2〉 − 〈zz′〉2. (C4)
An advanced analysis is needed when dynamics between
different degrees of freedom are coupled. For instance,
this is necessary to optimize a complicated beamline
such as an EEX, where transverse and longitudinal phase
spaces are coupled resulting in multiple correlations in
the Σ-matrix elements off the diagonal blocks in the pro-
cess of exchange. The electron beam matrix is block-
diagonal at the entrance and at the exit of the beamline
in the approximation of linear single-particle dynamics.
However, nonlinear and collective effects may result in
additional correlations in the Σ−matrix off the diagonal
blocks. The Hamiltonian motion of a beam has three in-
variants, which can be chosen as the quantities known as
the eigen emittances λ˜j , introduced by Dragt [59, 60]:
det
(
JΣ− iλ˜jI
)
= 0, (C5)
where J is the unit block-diagonal antisymmetric sym-
plectic matrix satisfying J2 = −I, where I is the 6 × 6
identity matrix. Normalized eigen-emittances are defined
as: λj = γβλ˜j . Eigen emittances make the understand-
ing of a “magical” EEX straightforward. Beam optics
in the process of the ideal exchange simply flips the pro-
jection directions of eigen emittances to those of regular
emittances.
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